A general analytical model is developed for the scattering of sound by a sphere with a nonuniform impedance boundary condition that is divided into two uniformly distributed hemispheres. In addition to the overall solution for the time harmonic pressure, the analytical result gives insight into the modal contributions and coupling for different cases of source incidence and boundary impedance. Modal cross coupling is shown to exist between incoming and scattered wave modes of equi-order and nonequal degree when the degrees are opposite in parity ͑odd-even or even-odd coupling͒. This cross coupling is strongest between modes of adjacent degree, and decreases as the degrees become dissimilar. The overall magnitude of the cross coupling is dependent on the extent of the impedance mismatch between the two surface hemispheres. Simulation and discussion are given for several specific cases of source incidence and impedance ͑each hemisphere is given a different constant impedance value͒. These results are consistent with expectations from the scattering of sound by a sphere with a uniformly distributed surface boundary. The broad scattering characteristics of the hemispherically divided sphere are shown to be analogous to connecting the appropriate sectors from the corresponding uniformly distributed spheres.
I. INTRODUCTION
The scattering of sound by spherical objects has received considerable analytical treatment in the past century since Lord Rayleigh first discussed the solution for the scattering by a single rigid sphere.
1 Studies have been extended to penetrable and locally reacting spheres, 2-4 inhomogeneous spheres, 5 scattering in the presence of nearby reflecting boundaries, 6 scattering by multiple spheres, 7 and a multitude of other variations. Morse and Ingard 8 give a particularly thorough treatment of the sphere scattering problem. The strong historical interest in sphere scattering is due to the variety of physical phenomena it can approximate, including current applications in fluid mechanics, electro-magnetics, and virtual acoustics. With the advent of numerical methods, the interest in such analytical solutions has understandably somewhat declined. Investigations using boundary-element or finite-element methods are not constrained to simple shapes or uniformly distributed boundary conditions; limits which certainly afflict any analytic analysis attempting to provide solutions that avoid numerical integration. Additionally, investigation using previously established numerical methods generally does not require a detailed knowledge of mathematics or physical phenomenon. As such, these studies may be undertaken by a much larger number of researchers. However, while providing a convenient route to a final solution, such approaches are not particularly well suited to giving detailed insight into the underlying acoustical phenomena. In this regard analytical solutions enable investigation into modal contributions, modal coupling, and simplified expressions for limiting behavior. In some applications, analytical solutions also provide significantly reduced costs in CPU time and memory usage, particularly when information at high frequencies is required. 7 This paper presents an analytical solution for the scattering of sound by a sphere with a hemispherically divided, locally reacting impedance boundary condition. Such a nonuniform surface impedance distribution was first discussed by Brungart, who presented a solution for the sphere scattering problem for a locally reacting surface boundary not necessarily uniformly distributed about the sphere surface. 9 This formulation was reliant on the numerical evaluation of a spherical harmonic integral dependent on the impedance distribution. For the boundary formulation discussed here, an analytic solution for the integral is developed. This utilizes the integral result of an associated Legendre function product of nonequal degree over a nonstandard interval presented by Hulme. 10 The complete analytic term embodies the modal coupling between the incident and scattered waves which results from the nonuniform impedance distribution. The solution is examined for two specific cases of wave incident direction in relation to the hemispherically divided boundary. Discussion is given in relation to the mathematical degeneration for certain angles of source incidence, modal contributions and coupling, and the pressure both on the sphere surface and in the vicinity of the scatterer.
While this paper approaches the scattering problem in a general manner, the boundary condition distribution utilized has particular relevance to studies of human hearing and virtual acoustics. In such work the head is commonly approximated as a spherical scatterer, 11, 12 and it seems reasonable to assume that the surface boundary condition may be split a͒ Electronic mail: treebs@mech.uwa.edu.au hemispherically into two parts, one covered in hair and one in skin. Previously, the effects of surface impedance ͑hair in particular͒ on such scattering have only been investigated using models assuming a uniformly distributed boundary condition, 12 or empirically using numerical and experimental studies.
13,14
II. ANALYTICAL DERIVATION

A. Problem formulation
The sound field surrounding an object in a uniform and nonviscous medium can be decomposed into an incident and a scattered field, both of which are governed by the scalar wave equation ͑or Helmholtz equation if harmonic time dependence is assumed͒. For a given incident wave approaching a locally reactive sphere in an infinite medium, the scattered field is entirely determined by the boundary condition imposed on the surface of the sphere. Solutions of the incident and scattered waves are generally expressed as modal sums, with each mode having a characteristic angular dependence. Conceptually, the analytical treatment of a scattering problem attempts to evaluate the relative contribution of the mode shapes in the scattered wave based on a known boundary condition. Using the spherical coordinate system shown in Fig. 1 , a general solution to the Helmholtz equation can be expressed as
Here, ⌿ represents the complex pressure for a monochromatic wave p͑r , t͒ = ⌿͑r͒e −it , r = ͑r , , ͒ characterizes the evaluation position, k is the wave number, and G n represents any general solution to the spherical Bessel differential equation. The latter constitutes a linear combination of spherical Bessel, spherical Neumann, and spherical Hankel functions chosen to satisfy the appropriate radiation conditions. Y n m represents the spherical harmonic function of degree n and order m, where
and the Condon-Shortley phase ͑−1͒ m has been included with the associated Legendre function P n m . The y n m term denotes the nonangular dependent normalization,
Physically, the spherical harmonic functions represent spatially orthogonal wave types or "mode" shapes in an infinite medium. The characteristic angular dependence of each mode is analogous to the basic radiation patterns from the corresponding simple harmonic source ͑e.g., monopole, dipoles, quadrupoles, etc͒. 15 A modal sum can therefore be used to represent the scattering by, and radiation from a spherical object in free space. Note this definition of mode shape differs slightly from traditional vibration modeling, where a mode shape is associated with a particular physical resonance that defines the particle vibration amplitude ratios at the corresponding resonant frequency. Spherical harmonic functions are generally classified into three categories dependent on the shape of the division of an arbitrary spherical surface by the locus of the associated Legendre function. 16 Spherical harmonics of the form Y n 0 are deemed zonal harmonics, Y n mϽn tesseral harmonics, and Y n n sectorial harmonics, as they divide the surface into zones, quadrilaterals ͑tessera͒, and sectors, respectively. Spherical harmonics of arbitrary degree and order form a complete orthogonal system over the spherical surface,
Both the incident and scattered waves can be expressed as incoming and scattered modal sums of spherical harmonics using Eq. ͑1͒. Staring with the incoming wave and following the general source approach taken by Gumerov and Duraiswami, 17 the incident wave expression is
Here, j n is the spherical Bessel function of the first kind ͑satisfying origin nonsingularity͒, and E n m is a general source term characterizing the source type and location. The source terms for a plane wave and a simple harmonic point source with source strength Q are, respectively, FIG. 1. General spherical coordinate system with the scatterer located at the polar origin. The location of the source and the direction of source propagation, relative to the polar origin, are characterized by r s . For a plane wave the source displacement from the scatterer is considered infinite and the source direction given by ͑ s , s ͒. The surface boundary condition is divided hemispherically, with the division being coincident with the x-y plane.
where h n ϵ h n ͑1͒ is the spherical Hankel function of the first kind, and the direction of wave propagation and source location is characterized by r s = ͑r s , s , s ͒, as illustrated in Fig. 1 . When the incident wave reaches the scatterer, secondary waves are produced that are outgoing from the scattering boundary. The corresponding expression for the scattered wave is
where h n represents a solution to the Bessel equation that satisfies the outgoing ͑Sommerfeld͒ radiation condition ͑ori-gin singularity implies the sphere must have a finite size͒. The complete expression is then simply the sum of the modal contributions from the incident and scattered waves,
The unknown component of the modal contribution from the scattered wave A n m is solved based on the surface boundary condition. These boundary conditions are typically expressed in terms of acoustic impedance Z; the complex ratio of surface pressure to the normal radial velocity. 8 The velocity is produced either by the flow of the surrounding fluid through porous surface openings, or by motion of the surface boundary itself. 18 The impedance is dependent on the macroscopic material properties of the surface which are assumed to be time invariant. If the surface is locally reactive the boundary condition on the surface of a sphere of size r = a can be expressed as
Here, 0 is the mean medium density, and the angular frequency. Combining Eq. ͑9͒ and Eq. ͑10͒ gives the corresponding expression to solve for the unknown coefficients,
where the Ј operator denotes the radial derivative.
The form of the solution for the unknown scattered modal amplitudes A n m depends on the source term E n m and the distribution of the impedance term over the sphere surface. The solution can be obtained by multiplying Eq. ͑11͒ by the conjugate of a spherical harmonic with alternate degree and order, and then integrating over the sphere surface. For the product of two spherical harmonic functions with no other angular-dependent terms attached to it, this integral conveniently reduces using Eq. ͑4͒. This gives the general boundary condition for a single sphere with an arbitrarily distributed locally reactive impedance boundary condition,
The remaining integral depends on the form of the impedance distribution. For an incident plane wave Eq. ͑12͒ is equivalent to the formulation discussed by Brungart, 9 who evaluates this integral numerically.
B. Solution of the spherical harmonic integral
If the impedance is assumed to be hemispherically divided and the x-y plane aligned with the hemispherical boundary as shown in Fig. 1 , the boundary condition remains continuous with rotations in the spherical angle . Using this distribution of impedance ͓where Z͑ , , ͒ϵZ , ͔ and expanding the remaining spherical harmonic integral in Eq. ͑12͒ using Eq. ͑2͒ leaves the integral of the product of associated Legendre functions of different degree over two nonstandard intervals,
Due to the orthogonality of associated Legendre functions over the sphere surface, the integral expressions evaluated for n l and cos = ± 1 will be zero. It is thus only the solution for cos = 0 that is of interest and the integral results over the two intervals will be equal in magnitude but opposite in sign,
The required analytic solution to Eq. ͑14͒ is provided by Hulme 10 in the context of fluid mechanics. The derivation reformulates the problem using the associated Legendre dif-ferential equation and then utilizes the special results of P n m ͑͒ and its functional derivative for = 0. This yields
where
An alternate closed-form solution to Eq. ͑14͒ derived independently by the authors is contained within the Appendix . This utilizes Rodrigues formula and integration by parts to yield a solution that is reliant on a finite summation of factorial terms rather than trigonometric functions. The solution provided by Hulme, however, is rather more elegant and yields a simpler final expression. Mathematically, the results are equivalent and give identical numerical results for any given degree and order satisfying n l and ͉m ͉ Յ min͑n , l͒.
Returning to Eq. ͑13͒, when n = l the solution is significantly simpler. Due to the symmetry of ͓P n m ͑cos ͔͒ 2 about cos = 0, the integral over the intervals ͓0, /2͔ and ͓ /2,͔ can be deduced from the orthogonality of the associated Legendre function over the domain ͓0,͔. 19 This gives
Alternatively, the same result can be obtained analogous to the derivation for n l shown in the Appendix . Combining the integral results for n l and n = l and simplifying, the complete closed-form solution to the spherical harmonic integral Eq. ͑13͒ can now be written as
where ⌼ is the admittance spatial average,
and ⌬⌼ is the admittance spatial disparity:
C. Overall pressure solution
Using the general boundary condition expressed in Eq. ͑12͒, the overall expression for the hemispherically divided boundary condition is now
To explicitly solve for the unknown scattered modal amplitudes when the surface impedance characteristics of the two hemispheres are not equal, it is convenient to rearrange Eq. ͑21͒ in terms of the complex amplitude A n m of the ͑n , m͒ th scattering mode,
In matrix form this becomes
and the simplified explicit coefficients can be written as
͑25͒
The ␣ matrix is square and the truncation number of outer sum is chosen to satisfy the convergence of Eq. ͑9͒ for a particular scattering frequency. The ␣ l,n mЈ,m terms represent the coupling coefficients between the ͑l , mЈ͒ th incoming and the ͑n , m͒ th scattered modal components. The ͑l = n , mЈ = m͒ terms give the autocoupling between identical modes ͑auto-coupling coefficients͒, and the ͑l n , mЈ = m͒, ͑l = n , mЈ m͒, and ͑l n , mЈ m͒ terms give the cross coupling across modes of different degree and order ͑cross-coupling coefficients͒. The ␤ l,m Ј terms give the ͑l , mЈ͒ th incoming modal component which may excite the ͑n , m͒ = ͑l , mЈ͒ scattering mode directly through autocoupling, and the ͑n , m͒ ͑l , mЈ͒ scattering modes through cross coupling.
D. Solution convergence
The convergence of Eq. ͑9͒ with n is of particular importance to the current problem, as the solution for A n m takes considerably longer as the size of the matrices used in the formulation becomes large. Brungart 9 gives a considerable proof of convergence for both arbitrarily distributed and axially symmetric boundary condition distributions. Convergence with n is consistent regardless of whether the boundary is uniform or hemispherically divided, or if the value of the surface impedance is changed. Figure 2 illustrates the relative modal contribution ͉E n 0 j n ͑ka͒ + A n 0 h n ͑1͒ ͑ka͉͒ of the first 30 zonal harmonic mode shapes on the total surface pressure of a rigid sphere. Modal contributions are shown for octave band frequencies from 63 to 16 000 Hz for a plane-wave source propagating in the z direction ͑ s = s =0͒ using a sphere radius of a = 0.0875 m ͑this sphere radius is used in all the subsequent simulations throughout this paper͒. For the frequencies commonly used in sphere scattering problems ͑below 5000 Hz͒ the solution converges very quickly. For very low frequencies the response can be approximated by the first two modal contributions as discussed by Morse and Ingard. 8 At locations further from the sphere surface, the modal contribution is flattened and lengthened-at a distance of 1 diameter from the sphere surface the number of modal sums required for convergence is approximately doubled. For the simulations presented here, a sufficient number of summations are used to satisfy this convergence.
E. Coupling of incoming and scattered modes
When the sphere has a uniformly distributed boundary there is no coupling between incoming and scattered modes of unequal degree or order. The modal energy of the incoming wave is only used to excite identical modes in the scattered wave, and any energy loss is dependent only on the impedance boundary. This is also apparent upon inspection of the matrix formulation of the A n m solution given in Sec.
II C. If Z 1 = Z 2 , then ␣ l,n mЈ,m = 0 for l n and/or m mЈ ͑the cross-coupling coefficients are all zero͒. This forces the coupling coefficient matrix in Eq. ͑23͒ to become diagonal. As a result the solution of A n m is dependent only on the corresponding incoming mode of equal degree and order.
When the impedance is not uniformly distributed about the sphere surface, each incoming mode no longer exclusively excites the identical scattering mode. Rather each scattering mode may be excited by many incoming modes. The corresponding scattered modal amplitudes A n m are thus dependent on the properties of the modal coupling coefficients in addition to the excitation strength of the incoming modes. Inspection of the coupling coefficient terms given by Eq. ͑24͒ illustrates that there is no coupling between modes of different order ͑i.e., the cross-coupling coefficients for m mЈ are always zero͒. This is an intuitive expectation given that the chosen impedance distribution ensures that the boundary is continuous ͑axially symmetric͒ with rotations in .
The remaining cross coupling is characterized by the spherical harmonic integral ͑coupling integral͒ given in Eq. ͑18͒. Table I gives the values of this integral for lower degree terms of zero order. For nonequal degree the coupling integral is only nonzero when the degrees are opposite in parity ͑only odd-even or even-odd cross-coupling exists͒. The cross coupling is strongest between modes of adjacent degree, and TABLE I. Zero-order spherical harmonic integral ͑coupling integral͒ for a hemispherically divided boundary condition evaluated using Eq. ͑18͒. The nonzero off-diagonal terms ͑n l͒ characterize the relative coupling between the incoming and scattered radiation mode shapes of different degree.
decreases as the degrees become dissimilar. The overall magnitude of the coupling integral terms for nonequal degree ͑cross coupling͒ is dependent on the extent of the impedance mismatch between the two surface hemispheres. The coupling integral terms for higher modal order are consistent with the lower order ͑i.e., the coupling between equi-order modes does not decrease as the order increases͒. The coupling integral terms for nonequal degrees of varying parity ͑e.g., n = l −1, n = l − 3, etc.͒ approach finite limits as l becomes large. These limits can be deduced from the oscillatory behavior of the coupling integral, even for the small number of terms given in Table I . Again, the coupling integral limits for higher-order terms are consistent with those for the zero-order modes.
F. Axially incident source
When the incident wave is travelling in the z direction ͑ s = s =0͒, the source terms ͓Eqs. ͑6͒ and ͑7͔͒ reduce significantly as
͑26͒
E n m will thus only be nonzero for zero order. As cross coupling does not exist between incoming and scattered modes of different order, the solution for A n m can be simplified accordingly as only zonal harmonics will be excited in the scattered wave. This result is not surprising considering the symmetry of this problem; only the zonal harmonic mode shapes are symmetrical for any arbitrary rotation about the z axis. The formulation of the unknown scattered modal amplitudes, dependent now only on zero-order terms, is reduced from a system of ͑N +1͒ 2 equations and unknowns to a system of N + 1 equations and unknowns for a given sum truncation n max = N.
III. CHANGES IN THE SCATTERED SOUND FIELD
A. Descriptive analysis
For a uniformly distributed boundary, both the magnitude and phase characteristics of the complex surface impedance dictate changes to the scattered wave. 12 As the impedance magnitude is reduced from ϱ towards the characteristic impedance of the propagation medium, the magnitude of the scattered wave is decreased. Consequently, both the surface and proximal pressure are also reduced, particularly in the posterior. When the surface impedance is complex, the impedance phase angle dictates additional changes. For a negative phase angle the surface and posterior pressure are further decreased, and the curved anterior interference pattern ͑re-sulting from the interaction of the incident and scattered waves͒ is slightly shifted due to the phase difference in the scattered wave. A positive phase angle conversely causes the scattered wave to become more focused, and the posterior bright spot to be increased. The sensitivity of the surface pressure to changes in the impedance phase angle is dependent on both frequency and the overall impedance magnitude. As the impedance magnitude is reduced towards the characteristic impedance of the propagation medium, the range of increased sensitivity is translated to lower frequencies.
The scattering characteristics for a uniformly rigid and uniformly absorbent sphere are shown in Figs. 3 and 4 . The corresponding characteristics for three specific arrangements of source incidence and circumferential rotation angle for a hemispherically divided surface impedance are shown in Figs. 5-7. The impedance distributions are denoted in each figure by the shaded ͑impedance͒ and unshaded ͑rigid͒ semicircular regions. The adjacent arrows show the source direction and circumferential angular rotation on the sphere surface that corresponds to the polar angle ͑with 0°always coinciding with the incident direction͒. For each case three plots are given; a stacked polar plot of the surface pressure magnitude ͑with each horizontal slice corresponding to octave band frequencies in the range from 125 to 4000 Hz͒, a In Figs. 4-7 the left panels correspond to an impedance value of ͉ ͉ =2, Є = 0°and the right panels ͉ ͉ =2, Є = + 45°. Here, is the specific acoustic impedance defined as =Z/ 0 c 0 = ͉ ͉ e iЄ , with 0 c 0 the characteristic impedance of the propagation medium. The extraneous changes due to a negative impedance phase angle are not discussed as this case is less likely to occur considering the impedance coverings and frequency range generally of interest ͑most materials will be governed by their stiffness properties and hence have a positive impedance phase angle͒.
However, these changes can be considered parallel to the relationship between the hemispherical and uniform coverings for a positive impedance phase angle. Figure 5 shows the effect of reducing the impedance of the posterior hemisphere of a rigid sphere ͑relative to the incident wave͒ for a source alignment that causes the impedance distribution to be symmetric about the incident wave direction. In the rigid anterior hemifield the surface pressure remains remarkably consistent with a uniformly rigid sphere ͑shown in Fig. 3͒ . On the surface there is a wide angular region of increased pressure, and in the proximal region the curved plane-incident and spherical-scattered wave interference pattern remains almost unperturbed. In the absorbent posterior hemifield, when the impedance is purely resistive ͑left panels͒, the surface pressure is reduced in a manner similar to the posterior from a uniformly covered sphere with the same impedance. The regions of sound shadow are widened and the bright spot is reduced. Direct comparison of the bright spot with the uniformly absorbent sphere of the same impedance ͑shown in Fig. 4͒ reveals that this reduction is slightly less when the frontal hemisphere is rigid. This is due to the cumulative contribution of the anterior scattered waves which combine with the incident waves diffracted to the rear surface. The transition between the frontal and rear sectors is intuitive with smoothly joining the anterior of a uniformly rigid sphere with the posterior of a uniformly covered absorbent sphere.
For a uniform sphere, when the surface impedance is complex the effect of the impedance phase angle is most obvious in the posterior region. The surface and proximal pressure in the posterior region for the complex impedance and hemispherical distribution shown in Fig. 5 ͑right panels͒ are thus again very similar to the corresponding uniformly absorbent sphere. There is an increase in the magnitude of the dominant posterior bright spot lobe, and an exemplification of the ancillary lobes. The additional sidelobes of decreased pressure extending into the proximal region are also evident, although not as prominent as that for the uniform sphere. Figure 6 illustrates the effect of reducing the impedance of the anterior hemisphere of a rigid sphere, again for a source alignment that causes the impedance distribution to be symmetric about the incident wave direction. The pressure in the posterior and anterior regions matches closely with the corresponding sectors from the appropriate uniformly covered spheres. For a purely resistive impedance ͑left panels͒, the proximal frontal region exhibits a decrease in the extent of the curved interference pattern due to the reduced magnitude of the scattered wave. In the posterior the surface pressure remains similar to the uniformly rigid case; although a small reduction is evident particularly in the bright spot. This is again due to the cumulative effect of the reduced scattered waves which combine with the incident waves diffracted to the rear surface. When the surface im- FIG. 6 . Scattering characteristics ͑as in Fig. 3͒ for a sphere with a rigid posterior hemisphere and an absorbent anterior hemisphere. The left panels correspond to an impedance value of ͉ ͉ =2, Є = 0°and the right panels ͉ ͉ =2, Є = +45°. Fig. 3͒ for a sphere with a rigid lower hemisphere and an absorbent upper hemisphere. The left panels correspond to an impedance value of ͉ ͉ =2, Є = 0°and the right panels ͉ ͉ =2, Є = + 45°.
FIG. 7. Scattering characteristics ͑as in
pedance is complex and has a positive phase angle ͑right panels͒, the interference pattern in the proximal anterior region becomes more concentrated around the frontal median axis, and is slightly shifted due to the phase difference in the scattered wave. The pressure in the posterior is also slightly increased.
The final case shown in Fig. 7 illustrates the scattering characteristics for a source incident on the hemispherical boundary. For the circumferential rotation angle shown, the pressure distribution is no longer symmetric. Again, the broad characteristics of the scattering pattern are analogous to connecting the appropriate sectors from the corresponding uniformly distributed spheres. For a resistive impedance value ͑left panels͒ the curved interference pattern evident in the frontal near-field region is most prominent external to the rigid side. In the posterior the bright spot lobes become asymmetric as the interaction between symmetrically diffracted waves arriving in phase about the two hemispheres becomes more complex. The previously symmetric regions of sound shadow are noticeably wider and deeper adjoining the absorptive hemifield. When the upper hemisphere has a complex surface impedance with a positive impedance phase angle ͑right panels͒, the posterior bright spot is significantly increased in magnitude and is again asymmetrical, favoring the absorptive hemisphere. The sound shadow becomes deepest on the rigid side adjacent to the bright spot. The additional sidelobe of decreased pressure visible in Fig. 4 at around 105°and 255°is now only evident adjacent to the absorptive hemisphere. In the frontal near-field region the response becomes more symmetrical due to the increase in frontal pressure external to the impedance hemisphere. For the same incident wave alignment, the pressure for a circumferential rotation angle around the hemisphere boundary ͑not shown͒ can be considered analogous to a uniformly distributed sphere with an impedance value slightly higher in magnitude than that of the absorptive hemisphere.
Previous studies of the acoustic scattering by nonrigid spheres have been primarily concerned with mathematical treatment, and consequently there has been little discussion on the effect of impedance on scattering characteristics. In this regard Brungart 9 gives the most comprehensive discussion and examines several cases of impedance distribution for specific values of ka = 1 with kr = 2 and 20, and ka =7 with kr = 8 and 20. For the sphere radius used in the present study ͑0.0875 m͒ this corresponds to evaluating the scattering pattern at 624 Hz at radii of 0.175 and 1.75 m, and at 4367 Hz at radii of 0.1 and 0.25 m. For uniformly distributed impedance boundaries the near-field frontal pressure shows an increase and the rear exhibits the dominant bright spot and associated sidelobes of decreased pressure. In the far field the anterior curved interference pattern is evident, with the magnitude of the fluctuations decreasing at distances further from the sphere. For a complex impedance value several additional "diffraction rings" are noted in the posterior hemifield. These features are consistent with the discussion and explanations given here. Similar results are also presented for hemispherical boundary orientations equivalent to Fig. 6 and Fig. 7 . For the data given, the response over the two hemispheres appears to match the corresponding region from the appropriate uniform case, particularly in the near field. Again, this is consistent with the present discussion.
B. Modal analysis
The changes in the characteristics of the scattered waveform with impedance can also be explicated via analysis of the scattered modal amplitudes A n m . For convenience, it is easiest to investigate arrangements where the impedance distribution is symmetric about the incident wave direction. For such an alignment only zonal harmonics contribute to the response and the analysis is made somewhat simpler. The magnitudes of the complex scattered modal amplitudes for zero order are shown in Fig. 8 for the incident wave and boundary conditions shown in Figs. 3-6 . When the surface is uniformly distributed, the individual modal contributions in the scattered wave are excited only by the corresponding incoming mode E n 0 . In the absence of cross coupling ͉A n 0 ͉ is always less than ͉E n 0 ͉. For the particular midfrequency discussed in detail throughout this paper, the scattered response for the rigid sphere is dominated by the zonal monopole ͑n =0͒, dipole ͑n =1͒, and octopole modes ͑n =3͒. The dipole and octopole ͑odd degree͒ zonal modes feature major lobes that are opposite in sign and thus create the regions of increased anterior and decreased posterior pressure. The monopole, quadrupole, and other higher even degree zonal modes feature major lobes that are equal in sign and thus contribute to the posterior bright spot in addition to the anterior pressure. The width of the bright spot and the extent of additional ancillary perturbations in the posterior region are dependent on the degree of the dominant modes. Both even and odd zonal harmonic mode shapes become more directive for higher modal numbers, with the major lobes becoming thinner and gaining additional lobes of alternating sign. An increased contribution from higher modes thus produces a "focusing" effect in both anterior and posterior regions as well as additional features, particularly in posterior regions away from the median axis. For the rigid boundary and midfrequency case discussed, low degree terms dominate the response. This accounts for the regularity of the anterior waveform over a wide angle, and the relatively wide posterior bright spot exhibited in the corresponding response shown in Fig. 3 . When the sphere is no longer rigid, the impedance of the surface dictates the dissipation of sound power ͑absorption͒ in addition to a relative phase variation in the scattered wave. The absorption is at a maximum when the surface velocity is in phase with the forcing pressure oscillations. The absorption of a particular mode is dependent on the surface integral of the time-averaged power ͑squared complex pressure ⌿ over impedance͒ for that mode. Overall, the modal contributions must combine such that the scattered wave conforms to the wave equation given the boundary condition present on the sphere surface. For a resistive surface impedance value of = 2, the contribution of the monopole and dipole zonal modes is decreased, and the contribution of the zonal quadrupole mode increased. This corresponds with the overall decrease in the surface pressure, the thinner bright spot, and the slight focusing of the proximal anterior interference pattern. For the uniformly distributed absorbent sphere, at 2000 Hz a positive impedance phase angle significantly increases the contribution of the quadrupole and octopole modes, and decreases the contribution of the dipole mode. This change accounts for the increased focusing of the anterior interference pattern and the exemplification of the primary and ancillary posterior bright spot lobes ͑the dominant even mode is now a quadrupole rather than a monopole͒.
When the sphere boundary is hemispherically divided, modal contributions are additionally dependent on the coupling that exists between modes of varying degree. This coupling is dependent on the disproportion between the impedance of the two hemispheres, and only exists between equiorder modes that have degrees opposite in parity. Under certain conditions the modal power absorption may be positive as the coupling facilitates a scattered modal amplitude greater than the corresponding source mode. For example this situation arises for the monopole mode at 2000 Hz for the hemispherically divided sphere with a rigid frontal surface for either impedance value. The relative modal contributions for the axially symmetric cases of a hemispherically divided surface are shown in the right panels of Fig. 8 . The contributions of lower degree modes are consistent with the corresponding uniform case with matching frontal impedance. Given the preceding modal discussion, the additional modal trends can be mapped to the changes evident in both the anterior and posterior pressure in a reasonably straightforward manner. For hemispherical distributions that are not symmetric about the incident wave, tesseral and sectorial mode shapes also contribute to the response. Whilst displaying more complex symmetries ͑analogous to the multiple radiation patterns for simple sources͒, the relative contribution of these modes in relation to the overall response can be considered analogous to the discussion already given.
IV. CONCLUSION AND DISCUSSION
Analytical treatments of absorptive sphere scattering have traditionally considered only a uniformly distributed boundary condition. This work extends the available analytical results to include scattering when the sphere has a hemispherically divided boundary condition. In addition to the overall solution for the time harmonic pressure, the analytical result allows insight into the modal contributions and coupling for different cases of source incidence and boundary impedance. Modal cross coupling is shown to exist between incoming and scattered wave modes of equi-order and nonequal degree when the degrees are opposite in parity ͑odd-even or even-odd coupling͒. This cross coupling is strongest between modes of adjacent degree, and decreases as the degrees become more disparate. The overall magnitude of the coupling is dependent on the extent of the impedance mismatch between the two surface hemispheres. Cross coupling does not exist between modes of different order.
Considerable discussion is also given in relation to the surface and near-field pressure as the impedance of the hemispheres is altered in relation to the incident wave direction. These changes are explicated through both descriptive and modal analysis. The broad scattering characteristics of the hemispherically divided sphere are analogous to connecting the appropriate sectors from the corresponding uniformly distributed spheres. The scattering characteristics are consistent with expectations from previous investigations using a uniformly distributed boundary condition which have been experimentally validated, 12 and discussion given for similar scattering problems evaluated using numerical integration. 9 The analytical formulation has also been experimentally validated using several hemispherical impedance coverings on a rigid sphere. These supplementary results will form part of an additional paper focused on the application of the hemispherical solution.
Implementation of the presented solution is relatively straightforward, particularly for researchers who are familiar with traditional scattering solutions formed as infinite sums of eigenfunctions. No additional mathematical functions are required beyond those needed for the uniformly distributed impedance problem ͑except perhaps the associated Legendre function in place of the Legendre polynomial͒. However, the unknown scattered modal amplitudes must be solved using Gaussian elimination rather than formulated explicitly. No attempt is made to address the question of efficiently implementing the hemispherical boundary solution, as this issue is one of computational rather than physical mathematics. It is left up to the future researcher to decide upon an appropriate implementation; however, considerable discussion on efficient algorithm development already exists in the literature. 17 The current analytical treatment has particular relevance to studies of human hearing mechanisms and binaural sound synthesis, as the hemispherically divided surface boundary condition matches the broad anthropometric composition of a human head with hair. The widespread exploitation of the sphere scattering problem however, in electro-magnetics and fluid mechanics for example, raises the possibility that the solution may also find use in other applications.
